We show that the homogeneous, massless Einstein-Vlasov system with toroidal spatial topology for initial data close to isotropic data isotropizes towards the future and in particular asymptotes to a radiative EinsteindeSitter model.
Introduction
Determining the asymptotic behaviour for cosmological models is a fundamental objective of mathematical cosmology. For the Einstein-Vlasov system, which models universes containing ensembles of self-gravitating collisionless particles [Re08] , this program is quite advanced for the class of spatially homogeneous spacetimes, i.e., for the Bianchi models (with dynamical systems approach initiated by Rendall [Re96] ; e.g., [CH09, CH10, CH11, He12, RT99, RU00, RU06, FH19] , and also with small data approach [Nu10, Nu12, Nu13, Nu14] ), but still incomplete. In particular, for the corresponding system with massless particles, which behaves substantially different from the massive case for various spatial topologies, the problem of determining the future asymptotic behaviour is generally open. We resolve the problem of determining the future asymptotics for Bianchi I models with massless Vlasov matter for initial data close to the well-known radiative Einstein-deSitter model by showing that the latter is in fact an attractor within the Bianchi I class.
The radiative EdS model. The radiative Einstein-deSitter model (cf. e.g. [We08] )
where (T 3 , γ) is a flat torus, is a solution to the Einstein equations coupled to a radiation fluid. With a scale factor a(t) = √ t it expands significantly slower than the related FLRW vacuum solution on hyperbolic spatial topologies (the Milne model) with a(t) = t 2 and also slower than the corresponding solution on T 3 for dust, the Einstein-deSitter model, with a(t) = t 4/3 [Re08] . The Einstein-deSitter models pose interesting examples of matter-dominated cosmological spacetimes, i.e., spacetimes whose asymptotic behaviour is altered by the presence of matter. While for initial data close to the Milne geometry on hyperbolic spatial manifolds vacuum and nonvacuum future asymptotics are similar [AF17] , on toroidal spatial topologies vacuum asymptotics deviate drastically from the matter dominated regime of the Einstein-deSitter models [Re08] . It is of essential interest to investigate the stability properties of those model solutions in order to understand whether their behaviour is representative for generic spacetimes with similar initial data. The stability properties of Einstein-deSitter models are unknown except in the homogeneous context, i.e., for Bianchi type I models. In that case it has been shown by Nungesser that the massive Einstein-deSitter model is a future attractor of the Einstein-Vlasov system with massive particles [Nu10] . The analogous problem for the radiative Einstein-deSitter model, which concerns massless particles (or radiation) is addressed for the massless Einstein-Vlasov system in the present paper. We show that Bianchi type I initial data sufficiently close to an isotropic state for the massless Einstein-Vlasov system isotropizes towards the future and asymptotes towards a member of the family of radiative EdS models. The slower expansion rate for the radiative case makes it a priori more difficult to establish sufficiently strong decay estimates for perturbations. We point out that nonlinear stability results are established for exponential scale factors [Ri13] or polynomial scale factors with significantly higher exponents [AF17] . Indeed, our analysis requires a more careful treatment of the evolution equation for the shear tensor, which keeps track of the sign of the relevant matter term, to establish the required decay estimates. The theorem assures that the radiative Einstein-deSitter model is an attractor in the restricted class of Bianchi-i symmetric solutions to the massless Einstein-Vlasov system. Inhowfar stability holds in less restricted sets of solutions as for instance the set of surface-symmetric or T 2 -symmetric solutions is an open problem that can be addressed using the framework of previous works as for instance [ARW04] and will be subject of future studies.
The massless Einstein-Vlasov system in Bianchi type I symmetry
Bianchi spacetimes admit a Lie algebra of Killing vector fields K 1 , K 2 , and K 3 which are tangent to the orbits of the group which is identified with the universal covering space of Bianchi models. These orbits are called surface of homogeneity. Moreover, the Killing vector fields satisfy the commutation relation
where C k ij are structure constants. Note that in Bianchi I models C k ij = 0. Choosing a unit vector field n normal to the group orbits, one has natural choice for the time coordinate. Therefore, one can choose a basis {E i } of the surfaces of homogeneity such that they commute with the Killing vector fields. In this way, we construct the so-called left-invariant frame {n, E i } which is generated by the right-invariant Killing vector fields. We now consider general Bianchi I spacetimes of the form g = −dt 2 + g, where g = g ab (t)W a ⊗ W b , where W i denote the dual one-forms to the left-invariant basis E i . We denote by k ab the second fundamental form and decompose via k ab = σ ab −Hg ab , where H = − 1 3 tr g k and σ is the trace-free part of k. For technical simplicity we choose t 0 = (2H(t 0 )) −1 which does not restrict the generality. Moreover, we define the rescaled trace-free part by
and its square by
The energy-momentum tensor of massless Vlasov matter is determined by the distribution function f which solves the transport equation
since we require that the distribution function is compatible with the Bianchi I symmetry, i.e., it does not depend on the position; hence f = f (t, p). The relevant components of the energy momentum tensor entering the Einstein equations are the energy density and the spatial part of the energy momentum tensor, i.e., (cf.
where both integrals exclude the element p = 0 to assure regularity of the integrand. Here dp := dp 1 dp 2 dp 3 . Note, that in the massless case tr g S = ρ. In this terminology the massless EinsteinVlasov system in Bianchi type I symmetry takes the following form (cf. [Nu10] ).
The main theorem of this paper, concerning the preceding system, is the following. Note that C denotes some positive constant that can change from line to line throughout the present paper.
Theorem 2.6. Consider initial data for the massless Einstein-Vlasov system with Bianchi I symmetry, (g 0 , H 0 , F 0 , ρ(f 0 )) at t 0 = (2H(t 0 )) −1 . There exists an ε > 0 such that F 0 + |S(f 0 )| 2 g 0 < ε implies the following future asymptotics for a constant C > 0, (2.7) F (t) ≤ Cεt −1/2 ln t .
and (2.8)
In particular, the rescaled square of the shear-tensor, F = |Σ| 2 g vanishes asymptotically, i.e., the spacetime isotropizes. Moreover, the rescaled spatial metric t −1 g(t) converges to a limit metric g ∞ , which remains ε-close to the initial metric g 0 . In result, the massless EdS model is orbitally stable in the set of solution to the massless Einstein-Vlasov system with Bianchi I symmetry.
Remark 2.9. It is important to emphasize that the initial data we consider concerns the regime where ρ(t 0 ) is large while we require S ij (t 0 ) to be small in comparison. Note that we require ρ(t 0 ) to be large indirectly via the Hamiltonian constraint (2.5a) by choosing F (t 0 ) small. This is possible since we consider small perturbations of the euclidean metric g 0 ≈ δ and moreover we can choose f 0 almost symmetric in p i such that f (t 0 , p) ≈ f (t 0 , −p).
Proof of the main theorem
We consider initial data at t 0 > 0 in the form (g 0 , H 0 , Σ 0 , f 0 ). We then make the following bootstrap assumptions on a finite interval [t 0 , t 1 ) (3.1)
where C F < 6(1 + t 0 ) and 0 < α < 1/2. Based on this assumption and the evolution equation for H we obtain
The essential dynamical quantity is the square of the trace-free part of the second fundamental form, rescaled by H(t) which obeys the following evolution equation
The first term induces decay and the second is decaying fast since it is quadratic in F . The problematic term is in fact the third term in the right-hand side. A rough estimate based on the decay of momentum variables does not lead to a sufficient decay estimate for that term. Therefore we need to proceed differently. The crucial observation here is the fact that the sign of this term is relevant. We distinguish two cases. We denote σ, S = σ ab S ab . If σ, S ≥ 0 the term can be neglected in the estimate for an upper bound onḞ . As we want to show the decay of F to zero and F > 0 a negative term on the right-hand side can be ignored. We can therefore restrict our analysis to the case σ, S < 0. A straightforward computation yields with A = −H −2 σ, S
The first terms on the right-hand side yield decay. As A is positive, the third term, in brackets, can be ignored in a decay estimate if (⋆) < 0 holds. In the following we show that under the imposed smallness assumptions this bound holds. For sufficiently large t, 6 − F > 5 by the bootstrap assumption.
We now provide an estimate for the metric which follows from
ij and in turn
This implies, based on the bootstrap assumption and the estimate for H that
For sufficiently small ε this improves the bootstrap assumption on g ij . We turn to the estimate for S ab based on the equation
which follows from the equations (2.5a) and (2.5g), where (3.10)
From the form of W ab we obtain the immediate estimate
Using the Hamiltonian constraint we can deduce
This yields
and in particular, using Grönwall's inequality, (3.14)
In combination with the estimate for g −1 this yields
Combining this with estimates on H and F this provides
We observe in particular that for sufficiently large times or sufficiently small ε this term is smaller than any small prior chosen constant.
We turn to the third term in (⋆). Based on the estimates for S a b and H −1 we obtain immediately (3.17)
The final term of (⋆) can be estimated as follows
where we used (3.12). This implies, using the bootstrap assumptions (3.19) H −4 σ ab W ab ≤ CC F ε(1 + t) −α .
In conclusion, choosing ε and S ij (t 0 ) sufficiently small we can show (⋆) > 0 and in particular the following estimate holds Using the boostrap assumption on F and the estimate for H we identify the last term as the dominant one yielding and estimate of the form (3.24) F (t) ≤ t −1/2 (F (t 0 ) √ t 0 + Cε ln t)C.
We conclude that there exists a constant C > 0 such that (3.25) F (t) ≤ Cεt −1/2 ( √ t 0 + ln t).
For sufficiently large times, this improves the bootstrap assumption on F . The estimates for H and g when these asymptotics for F are combined with the respective evolution equation.
